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BOUNDARY FUNCTIONS 
By Theodore John Kacsynski | 


Let H denote the set of all points in the Euclidean plane 
having positive y-cocordinate, and let X denote the x-axis. If 
p is Ay point of X, then by an arc at p we mean a simple ars 
¥ , having one endpoint at p, such thet Y-Sp} C H. Let f 
be a funetion mapping H into the Riemann sphere. By a 
boundary function for f we mean a function. ( defined on a 
set £ CX such that for each p € BE there exists an are Y 
at p for which 


sits, f(s) = p(p). 


2c y 


The set of curvilinear convergence of f£ is the largest set on 
which a boundary funetion for f can be defined; in other words, 
4{t is the set of all points p € X such that there exists an 
are at p along which f approaches a limit. <A theorem of J. E. 
MoMillan states that if f is a continuous function mapping 4H 
into the Riemann sphere, then the set of curvilinear convergence 
of f is of type Fos « In the first of the two chapters of 
this dissertation we give a more direct proof of this result than 
MeMillan's, and we prove, conversely, that if A isa set of 
type F,- in X, then there exists a bounded continuous 


complex-valued function in H having A as its set of curvi- 


linear convergence. Next, we prove that a bourdary function for 
a continuous function oan always be made into a function of 
Reire class 1 by changing its values on a countable set of 
points, Conversely, we show that 4f © is a function mapping a 
set E < X into the Riemann sphere, and if ( can be made 
into a function of Beire class t by changing its values on a 
countable set, then there exists a continuous funetion in i 
having © as a boursiary function. (This is a slight general- 
Suation of a theoren of Bagenihl and Pirenian. ) In the second 
chapter we prove that « Soundary funetion for a function of 
Beire class © 7 1 in 4H is of Batre class at most Set. It 
follows from this that a boundary function for a Borelemeasur= 
able function 4s always Borel-measurable, but we show that a 
boundary funetion for a Lebesgue~measurable function need not 
be Lebesgue-measurable, The dissertation concludes with a list 
of probleus reisining to be solved. 
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INTRODUCTION 
1, Preliminary Remarks 


Let H denote the upper half-plane, and let X denote its 
frontier, the x-axis. If x@X, then by an arc at x we mean a Simple 
arc y-with one endpoint at x such that y - {x}G:H. Suppose that f 
is a function mapping H into some metric space Y. If E is any subset 
of X, we will say that a function w:E + Y is a boundary function for 


f if, and only if, for each x€E there exists an arc Yet x such that 


lim f(z) = (x) 

z>xX 

ZEY 
The study of boundary functions in this degree of generality was 
initiated by Bagemihl and Piranian [2]. A function defined in H may 
have more than one boundary function defined on a given set E Cc X, 
but it follows from a famous theorem of Bagemihl [1] that any two 
such boundary functions differ on at most a countable set of points. 

If £ is defined in H, then the set of curvilinear convergence 

of f is the set of all points x€X such that there exists some arc 
at x along which f approaches a limit. Evidently, this is the 
largest set on which a boundary function for f can be defined. 
J. E. McMillan [10] discovered that the set of curvilinear convergence 


of a continuous function is always of type Fg? and in this paper we 


show that every set of type F 6 in X is the set of curvilinear 


convergence of some continuous function. Next , we show that if @ is 
a function defined on a subset E of X, then @ is a boundary: function 
for some continuous function if and only if can be made into a 
function of the first Baire class by changing its values on at most 
a countable set of points. (This solves a problem of Bagemihl and 
Piranian [2, Problem 1].} We then consider functions that are not 
assumed to be continuous, and we prove that a boundary function for 
a function of Baire class € > 1 is of Baire class at most € + 1 (thus 
proving another conjecture of Bagemihl and Piranian [2]). It follows 
from this that a boundary function for a Borel-measurable function 
is always Borel-measurable, and in the last section we show that a 
boundary function for a Lebesgue-measurable function need not be 
Lebesgue-measurable. 

Most of the results appearing here have already been published 


([8] and [9]). At the time I published these papers I did not expect 


to have to make use of this material for a dissertation. 
2. Notation 


R will denote the field of real numbers. 

R’ will denote n-dimensional Euclidean space, 

Points in R” will be written in the form {xX,,-++; x) rather 
than (Ky sees, x) (to avoid confusion with open intervals of real 
numbers in the case n = 2). 


If ve R”, then |v| denotes the length of the vector v. 
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s* denotes {vER?: | v| = 1}. S“ will be referred to as the 


Riemann sphere. 


Let . 
H = {<x,y) € R’ > y > 0} 
H = {<€x,ypER? :+>y> 0} 
n n 
X = {¢x,0> : xER} | 


os 
t! 


A {<x2) > x€R}. 

We consider X as being identical with R. Thus, for example, 
<x,0> < ¢x',0> means x < x', and for p, q €X, the notations 
[p,q], [p,q), etc. refer to the obvious intervals on x, 

If Eis a subset of a topological space, then E denotes the 
closure of E, E denotes the interior of E, and E' denotes the 
compiement of E. Of course, if E is a subset of X, then E- means the 
interior of E relative to X, not relative to the whele plane. In 
Section 7, we often denote two line segments by s and s'. Since the 
prime notation is never used for complementation in that section, 
there is no danger of confusing s' with the complement of s. 

If £ is a function defined in a subset of R?, then f(x,y) 

_ means f£(<x,y)). Thus we write f(z) for 2€R- and f(x,y) for x,yéER 


interchangeably. 
3. Baire Functions 


In this section we review the main facts concerning Borel 
sets and Baire functions, and we prove some results that will be 
needed later. 

If C is any family of sets, let C. be the family of all sets 


that can be written as a countable intersection of members of C, and 


let C. be the family of all sets that can be written as a countable 
union of members of C. 

Suppose M is a metrizable topological space. Let pt (M) be 
the family of all open subsets of M and let gi (M) be the family of 


all closed subsets of M. If &€ is an ordinal number greater than 1, 


let 
Poy = (IU Q"an), 
n<é 
gm = (U P"an), 
n<& 


For any &, E € 9° (mM) CS EE p>). 

For any subset L of M, E€ PCL) (respectively g° (L)) if and 
only if there exists a set DE p> (M) (respectively g® (M)) such that 
E=DAL. 

p>(M) and Q°(M) are closed under finite unions and finite 
intersections. pM) is closed under countable unions and a*(M) is 
closed under countable intersections. 

If n<&, then P"(M) U Q”(m S&S ebay Q?(M. 

Let F (™) be the class of all Fy sets of M, and let Gy (M) be 


the class of all Gs sets of M. 


P*(M) = F(M) and QM) = G.(M). 

Let Y be a metric space. For any family C of subsets of M 
we will say that a function f : M+ Y is of class (C) if and only if 
ei U)JE€C for every open set JU — Y. 

The following definition of the Baire classes is somewhat 


different from the classical definition, but it seems more convenient 


for our purposes. A function f : M~* Y is said to be of Baire class 
O(M, Y) if and only if it is continuous. If &€ is an ordinal number 
greater than or equal to 1, then f is said to be of Baire class 
E(M, Y) if and only if there exists a sequence of functions {f hn] 
mapping M into Y, fa being of Baire class n, (Ms ¥). for some n,< E, | 
such that fs > £ pointwise. | 

If f : M> Y is of Baire class &(M, Y) and if L is a subset 
of M, then f|, is of Baire class E(L, Y). | 

If K is a metric space, if g : K > Mis continuous, and if | 
f : M> Y is of Baire class €(M, Y), then the composite function feg 
is of Baire class &(K, Y). 

If Y is separable and if f : M> Y is of Baire class E(M, Y), 
then £ is of class cpe* cy) (4, page 294]. 

If Y is separable and arcwise connected, if & + 1, and if 
f : MY is of class pet} (M)), then f is of Baire class &€(M, Y) [4]. 

For any £, if f : M+R is of class (P°*/(m)), then £ is of 
Baire class E(M, R) [6]. 


if LEQ} 


(M) and f:L~>R is of Baire class E(L, R), then f 
can be extended to a function Ff : M+R of Baire class &(M, R) [6]. 

We say that a function f : M>R is Borel measurable if, and 
only if, for every open set USR, £71 (u) is a-member of the o-ring 
of subsets of M generated by the open sets. 

If £ : M~*>R is of some Baire class E(M, R), then f is Borel- 
measurable, and, conversely, if £ : M~*> Ris Borel-measurable, then 
f is of Baire class &(M, R) for some countable ordinal number & 


{7, page 294]. 


The proofs of Lemmas 1 through 6 are based on standard 


techniques in the study of Baire functions. 


Lemma 1. Let M be a metric space, and let E and F be two F . sets in 


M. Then there exist two disjoint Fo sets A and B © M such that 
E-FGA and =F -E @B, 


Proof. Let E = \_} EA and F = \_) Fo where En and Fs are closed. 
n=l n=] 
Then 


EB» F, & FA G0). 


It is easy to check that FM) NG. (M) is an algebra (i.e., is closed 
i 
under complementation, finite unions, and finite intersections). We 


inductively define a sequence of pairs of sets (A> BD as follows. 


Let 
A, =E, , BL, = FLNA, - 
For n > 1, let 
| | n-1 n 
= t = t 
A =EA . BS ; B. mot) Al 


By induction, Aas BLE F (™) NG, (M) - Let 
a=(UJa., B=-( Ja. 
n=l n=l 
Then A and B are Fe sets. Notice that 
n-1 n 
B,EF and LJ a.Se, 
j=l j=l 
from which it follows that 


n-l ' 
A, > AON Bs) 2 BELO 


and 
n 
BL = Fy VOU AD 2 FONE! 
Therefore 
azal @ nF) = E-F 
n=] 
and | 
B2\/ (F.AE') = F-E. 
n=1 


It only remains to show that ANB = ¢. Suppose x G@AMB. Choose 
2, mwith x€ A, and xB. If 2 >m, then 2 > 1, so that 
. K€) 
= t t 
A, zat BY & Bh 7 


Hence x € Ba contradiction. On the other hand, if % < m, then 


m 
= ft ! 
B, Fant) Ay CAL, 


so that xEA! --another contradiction. We conclude that ANB = 6-@ 


If E is a subset of a space M, we let x, denote the charac- 


teristic function of E. 


Lemma 2. Let L be a subset of a metric space M, and suppose that 
oo 
EE F CL) AG, (L). Then there exists a sequence {fel of continuous 


real-valued functions on M such that fh * Xp pointwise on L. 


Proof. Both E and L - E are in F CL); so there exist sets Ee 


FE E FM) such that 


E=E,ANL , and. L-E#F,NL. 


1 
By Lemma 1, there exist A, BE F (M) such that AA B = 9 and 


E, - F, G A, F 


1 i= 17 =, S B. We have 


E=ANL and. L-E=BAL. 
fee] 


- : _ a : | . c 
Write A= LY A> B = ) By where Aw B are closed and A, — Anal? 
BS B 4.1 for each n. By Urysohn's Lemma there exists a continuous 


function Qh : M > [0,1] .such that 


tt 


f(x) when Xx€& A, 


fF Ox) 0 when x € Bo 


CS 


{£} 


nel is the desired sequence. &@ 


Lemma 3. Let L be a subset of a metric space M, f : L> Ra function 
of class (F (L)) that takes only finitely many different values. 


Then there exists a sequence {f diet of continuous real-valued 


functions on M such that f > f£f pointwise on L. 


Mass 


Proof. From Banach's Hilfssatz 3 [4], we see that there exist real 


numbers a,,..., a. and sets 
1 iF 


E,: wees EY E F (1) AG, (1) 


such that 


j=l J 
If we choose for each j a sequence te bed of continuous real-valued: 


functions on M such that: £ > Xp pointwise on L, and if we set 
-T * 


J 


£ ¢ J 
= a. ; 


then {f hia is the desired sequence. @ 


Lemma- 4. Let L be a metric space, f a bounded real-valued function 


co 


on L of Baire class i1(L, R). Then there exists a sequence {Enel 


of real-valued functions on L converging uniformly to f, such that 


each fi is of class (F CL) and takes only finitely many different 


values. 


Proof. fis of class (F C)) and the range of f is totally bounded, 
so an obvious modification of the proof of Banach's Hilfssatz 4 [4] 


gives the desired result .@ 


a, 


Lemma 5. Let M be a metric space, L a subset of M, f£:L>Ra 

| 
function of Baire class 1(L, R). Then there exists a sequence {fh 
of continuous real-valued functions on M such that fs + £ pointwise 


on L. 


oo 


Proof. We first prove the lemma under the assumption that f is 


bounded. For any bounded real-valued function h, let 
linll = sup { h(x) | : x€ domain of h} . 


By Lemma 4 we can choose, for each n, a function g,: L>R of class 
(F (L)) such that g takes only finitely many different values and 


' od 
lig, - f |j <n Let 


h, = 8» h, = & - 8. forn> ti. 


Then, for n > 1, 
| a boy oy 
ln, = le, - f+ f- e.g <a+ sor< 


on gn-i gn-2 


Each h, is of class” (F(L)) and takes only finitely many different 
values, so by Lemma 3 we can choose (for each _n) a sequence th?) 
of continuous functions on M such that h,? +h, pointwise on L. 


J 
Set 
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Kk? (x) = -\l hl if h_ J (x) < - il h, \ 
KG) = Wall if hoo > ry 
Vy. = j | i < Vey < 
kKI@ = bd) if - (lai <n om < Wall - 


Then k | is continuous, Kk? 7A, pointwise on L, and | kK! i s \. h_ | 





reve Therefore, if we set 


f= £ kJ, 

J n=1 ™ 
then the series converges uniformly and f is continuous on M. We 
claim that f. + f pointwise on L. Take any x € L and any e > 0. 


Choose m large enough so that —s < ze. For each n, choose j(n) so 
: “er 5m 





that 





j25@ => - h(x) | al a 
Let i, = max'{j(1),..., j(m}. Then j > i, implies that 


\f, (x) - £(x)| < lf, (x) - 5 k 1) | + | z k 9 (x) - 


= h(x)| 
n=1 n=l =] 


n=l 


m | 
+ | h (x) - £(x) | 
n=1 


< : kM) + kK J¢) -a,GOl + Ie, - ell 
n=m+1 n=1 


—_ 


m 

e .l E 
< + (2 —— ) s+ — 3 = 
gm-2 n=1 gntl 3 om 3 





= €, 
Thus f. (x) + £(x) for each x € L, and the lemma is proved for bounded 
J 


f. 


If f is not bounded, let 


ll 


g(x) = arctan £(x) (x €L). , 


Then - x < g(x) < > for every x€ L, and g is of Baire class 1(L, R), 
so there exists a sequence tg} _, of continuous functions on M 


converging to g pointwise on L. Set 


_ nr id | T 1 
h(@) = -y+> if g@s -5tF 
| _ a 1 ° T l 
hQ) = 7-F if gWM25y-_q 
h (x) = g (x) i¢ - nate g ay <t-i 
n En 2~ n~ &n* 2 on 


Then h, is continuous on NM, - x < h, Gd) < . and h,, > g pointwise on 
L. Let £(x) = tan h(x). Then f, is continuous on M and fi7f 


pointwise on L.@ 


Lemma 6. If Lis a subset of a metric space M and f : L> R" is a 
function, then the following are equivalent. 

(i) - fis of Baire class 1(L, R"). 

(ii) f£ is of class (F,(L)). 

(iii) There exists a sequence {f } _, of continuous functions 


mapping M into R" such that f7 f pointwise on L. 


This lemma is an easy consequence of Lemma 5. 


Definition. Let q be any point of R lying inside the bounded open 
domain determined by s?, By the q-projection of R° - {q} onto s* we 
mean the function Pa defined as follows. If ais any point of 

R° - {q}, let & be the unique ray, having its endpoint at q, that 
passes through a, and let PCa be the intersection point of 2 with 
s*. Pa is a continuous mapping of R°-- {q} onto S“ that fixes every 


point of s?, 
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Theorem 1. Let L be an arbitrary subset of Re, Then a function 
f:L> 5? is of Baire class 1(L, 57) if and only if it is of class 


(F(1)) . 


Proof. Assume that f : L> 5? is of class (F (L))- s°S R, so by 


Lemma 6 there exists a sequence {f}01 of continuous functions mapping _ 


R™ into R° such that fo + f pointwise on L. Let 


_ -l1 ;- 3 _ iy: 
A, = fh ( {véeR : lv| = xt ) 
-1 | 3. ay. 
BL = £, (iWeER : lvl < 53) 
| -1 | 3 yu. 1 
C, = £, (ive R”: |v > 5} ). 


Let f° = £ | A According to [5, Lemma 2.9, page 299], f° can be 
n 


extended to a continuous function g, R7 + {veR? : | v| s 3. 
Define h,, : R? > R° - {0} by setting 
— 
h(%) = g(x) : if x € BO 
h(x) = £0) if xé Co 


Since Bae C. are closed, h, is continuous, and it is easy to verify 
that h(x) > £(x) for each x EG L. Let ko : RY + 5? be the composite 
function P, ° ho: Then kn is continuous, and for each xé L, 


k(x) > P,(£(%)) = £(x). Thus f is of Baire class 1(L, 7). = 


Definition. Let M and Y be metric spaces. Then a function f :M-* Y_ 
is said to be of honorary Baire class 2(M, Y) if and only if there 
exists a countable set NGM and a function g : M~* Y of Baire class” 


1(M, Y) such that £(x) = g(x) for every x€ M-N. 


t 


Theorem 2. Let L be an arbitrary subset of R? and let Y be either 


the real line, a finite-dimensional Buclidean space, or s?, Then a 


ee 
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function f : L + Y is of honorary Baire class 2(L, Y) if and only if — 
there exists a countable set N © L such that flyin is of class 


(F(L - ND). 


Proof. Suppose that f : L + Y is of honorary Baire class 2(L, Y). 
Then there exists g : L*+ Y of Baire class 1(L, Y) and a countable 
c = , 4 F (L - 
set N©L such that flyin gly_n: But gly _n is of class (F,(L - N)). 

Conversely, suppose that flix is of class (FG - N)), where 
N is countable. We must show that f is of honorary Baire class 


2(L, Y). First consider the case where Y = R™, Write 
f(x) = (£0), £00, .... £,00>. 


Then f.|, is of class GG ~ N)) (i=1l,..., m), and it follows that 
fil, y is of Baire class 1(L - N, R). Since L- NE G,(L) , we can 


extend fel hn to a function g, : L + R of Baire class 1(L, R). I£ we 


set g(x) 


Ce (sees g(x)? , then g is of Baire class 1(L, R") 
and g(x) = f(x) for x€ L - N, so we have the desired result. 

Now consider the case where Y = s*, Since s* cS R°, there 
exists, as we have just shown, a function g: L> R° of Baire class 
1(L, R?) such that g(x) = £ (x) for all x€ L-N. Then g(L) - 5? is 
countable, so there exists some point q in the bounded open domain 
determined by-S* such that ce: 3 g(L). Let h be the composite function 


Pa eo g. Then h maps L into s* and for each x EL - N, 
h(x) = Po eld) = Po teOd) = £(x). 
Ifu¢e s* is open, then - 


-l -1., -l, 
h'U) =e (Py (WE FC) 
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so h is of class (F, (L)). By Theorem 1, h is of Baire class 


1(L, s*), so we have the desired result. @ 


eee 


CHAPTER I 


~ BOUNDARY FUNCTIONS FOR CONTINUOUS FUNCTIONS 


If r is a positive number and if Yo is a point of a metric 


space Y having metric p, then 
S(r, Yo) denotes {y€@Y: oly, ¥) < ri, 


We will repeatedly make use of Theorem 11.8 on page 119 in 
[11] without making explicit reference to it. This theorem states 
that if D is a Jordan domain in R? or in R? U {oo} if y is the 
frontier of D, and if a is a cross-cut in D whose endpoints divide Y 
into arcs v1 and Yo» then D-a has two components, and the frontiers 
of these components are respectively a vu v1 and a U Yo: (The term 


cross-cut is defined on page 118 in [11].) 


4. Domain of the Boundary Function ~ 


Definition. If f is a function mapping into a metric space Y, then 
the get | of curvilinear convergence of f is defined to be 
| ix €X : there exists an arc y at x and there exists y € Y_ 
such that 
lim f(z) = y}. 
Z>X 
Z€Y 
J. E. McMillan [10] proved that for suitable spaces Y, the set 
of curvilinear convergence of a continuous function is always of type 
ad. 


F.. We give a more direct proof of this result than McMillan's. 


(This proof can be modified to give a more general result; see [9].) 
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An interval of X will be called nondegenerate if and only if 
it’ contains more than one point. | 

Suppose y is a cross-cut of H. If V is the bounded component 
of H - Y, let L(y) = VA x. Then L(y) = Ic, aj. where c and d are the 
endpoints of y and c < d. Suppose 2 is a domain contained in H. Let 


T denote the family of all cross-cuts y of H for which yN HE, and 


let 


ra = Wim’. 


yer 
Let acc(2) denote the set of all points on X that are accessible by 


arcs in &. 


Lemma 7. Assume that acc (2) is nonempty. Let a be the infimum of 


ace (2) and let b be the sup.emum of acc (2). Then 
I(2) = (a, b) 


Proof. Suppose x @I1(2). Let y be a cross-cut of H such that 

YAH SQ and x€ L(y). L(y) =.[c, d], where c and d are the end- 
points of y and c <d. It is evident that c and d are in acc(2}, so 
a<c<x<d<b, and x€ (a, b). Conversely, suppose x! @ (a, b). 
Then there exist points c', d' © acc(Q) with c'! < x! < dt, Since Q 
is arcwise connected, it is easy to show that there exists a cross- 
cut y' of H, with y' MH, having c', d' as its endpoints. But 


then x' € (c', d') = L(y), so x'€é 1(2). w 


Lemma 8. If 25 and 2, are domains contained in H, and if 


(1) T@) n ace (2, ) and T(2,) nn ace (2) 


ee ee ee ee ee ee 


17 
are not disjoint, then Q4 and Q, are not disjoint. 


Proof. We assume that Q5 and Q5 are disjoint and derive a contradic- 
tion. Let a be a point in both of the two sets (1). Let y, be a 
cross-cut of H, with 7a HS 05; such that aé Lty,) (i =], 2). Let 
U, and V, be the components of H - vas where V, is the bounded component. 
Observe that 4% H and Y2 ‘NH are disjoint. 

Suppose yy O HEV, and y, NH SvV,. Then, since y, MH SU). 
Uj has a point in common with V,. But, since U, is unbounded, Uy 
cannot be contained in Vos SO U, must have a point in common with 
Wh H. This contradicts the assumption that yy HS Vi; SO we 
conclude that either y, A ¢ V, Or yo MH ¢ V,: Hence, either 
yp, OH SU, or y, VHE&U,. By symmetry, we may assume that 
¥2 NHS U,. 

Q5 does not meet Yq: and Q5 does meet U, (because Y9 NHS 
U, N25), $0 2, EU,. Since a€ acce(2,) , there exists a point 
b € L(y,) such that b € acc(g,). But then b€ 2, &U,, and this is 


* 
impossible because the frontier of U, is disjoint from L(y) a 


Theorem 3 (J. E. McMillan). Let Y be a complete separable metric 
space and let f : H+ Y be a continuous function. Then the set of 
curvilinear convergence of f is of type Fe 5° 


Proof. Let’ {p,},., be a countable dense subset’ of Y. Let {Q(n, m) Lael 


be a counting of all sets of the form 
os Ss id 
{<x,y> :O<y<= and ret<r+ = 


where r is a rational number. Let’ {U(n, n, k, @)}on4 be a counting 


(with repetitions allowed) of the components of 
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| . 
£7, 7p) Aan, m) 
gn” k | ° ° 
(We consider 9 to be a component of 9.) Let 


A(n, m, k, 2) = acc(U(n, m, k, g)]. 


Set 


eo . & 


n=l m=l k=l g=1 


Since I(U(n, m, k, 2)) is open in X it is of type Fo . It follows that 
Bas of type Fé . Let C denote the set of curvilinear convergence 

of f, I claim that B&C. fake any b @B. For each n, choose m[n], 
k{n], g[n] with | 


(2) b € 1(U(n, m(n], k[n], e[n])) NAM, min], k[nJ, e[n]) 


For convenience, set UL, = U(n, m[n], k[n], g[n]). By (2). and Lemma 8, 
U, and Ue have some point Z, in common. For each n, we can choose 


an arc y, Cc U4 With one endpoint at z, and the other at z 


nel’ Then 


Yn Stl, m{n+l1]). Also, 


b € A(ntl, m(n+l], kinti], gintl1]) GU ., S@Q(mel, min+1]), 


nt+tl= 


and therefore each point of Yn has distance less than — from b. 


oy O as n + w; hence, if we set y = {b} u | ) yn» then ,/is an arc 
| n=1 


with one endpoint at b. 


Since Un and Unel have a point in common, 
-l-e,l -lee, 1 | 
£ SCp Pyfny)) and £ SCT Pk nei]? 


have a common point, and hence 


! 
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1 . ae | 
SO Py In}. and © Car Py Invi) 
have a common point. Therefore, if p is the metric on Y, then 


henna 


4 ae 





| (Py tn]? Petnen)) <a . par pa-i ° 
and therefore 
Yr : rol. 4 i 
(Px Tn]? Px [ner]? < 2 (Px [nsi-1]° Pk [nei]? < 4 pnti-2 pn-2 " 


Thus {p, in}? is a Cauchy sequence and must’ converge to some point 


p€éyY. Since 


y Gu Cf lis, 


n= n+l= oe Px {ne1]?? and 
> 
Pk [n] n p 
lim f(z) = p. It is possible that y is not a simple arc, but 
‘Z>b 
LEY. -.aecording to [12] we can replace y by a simple arc 


y''Gy. Thus b @C, and.we have shown that B &C. 
Suppose CEC. Let y, be an arc at c such that f approaches 


a limit p' along y, Take any n. Choose. k with rP'e ore D3 . 


' Choose m so that ¢c is in the interior of oH, m) VX. Then Yo has 


a subarc Yo’: with one endpoint at c, such that 
' , Cc ~] 1 
y, ~ tech SQ, m NE (SC: Py). 
2 


Hence, for some £, c € acc[U(n, m, k, 2)] = A(n, m, k, 2%). This 


shows that 


C <{ \ ) UL 20, m, k, 2). 


It is easy to deduce from Lemma 7 that the set 
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A(n, mn, k, 2) - I1(U(@, no, k, &)) = 
A(n, m, k, 2) - [I(U(; m, k, MAM, O, k, O] 


contains at most two points. It follows by a routine argument that 


f\ VU aa, ako -f)U tram, no, k, 0) aka, a, k, 9] 
n m,k,2& n m,k,2 


™ 


is countable. Since 


LU [I(U(m, m, k, %)) NAQ, m, kK, Ly] = BSC 
n m,k,2% 
| J A(n, m, k, &), 
n m,k,2 


C - B is countable, and therefore C is of type F,. @ 

Next we will show that the foregoing theorem is as strong. as 
possible, in this sense: if Ais any set of type B 6 contained in X, 
then there exists a bounded continuous complex-valued function f 
defined in H such that A is the set of curvilinear convergence of f. 


The proof is unfortunately quite long. 


Definition. Let Ey and ED be two sets on the real line. A point p 


on the real line will be called a splitting point for E, and E, if 


either 
Xx, <p for all x,@E, and p< x, for all x,€ E, 


or x, <p for allx,@€E, and p< x, for all x, EE). 


We will say that two sets EY and E. split, or that E, splits with Eo» 


if and only if there exists a splitting point for E, and E,. 


Lemma 9. Let E be an FF, set in R. Then there is a sequence {E }", 


of sets such that 
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(i) EA is bounded and closed 
(ii) ifn +m, then either BE and E, are disjoint or E, and 
E, split | “— 


(iii) ~ e-e, . 


oO 


Proof. We can write E = Sy, A, where A, is closed, A, Cc Anal for all 


n, and A, = o. 


Observe that if I is any open interval, then there exists a 
countable family (Sty of bounded closed intervals such that 
n¢+m =p Jn and Jn split, and I = U J, Since any open set of 
real numbers is a countable disjoint union of open intervals, it 

| | oo 


follows that for any open U there exists a countable family {I dnd 


of bounded closed intervals such that n + m => I and I. split, and 
n=) 
For each n, let (Ty ba , be a family of bounded closed inter- 


vals such that j n k => r and ry split, and Ne “YU I Let 


fF = . {A} Vita Anel ;n=l, 2.3 j = 1, 2,...4. 


Then f is a countable family of bounded closed sets, and 


p= Wa = avi ayoan 
=] n=1 
Ul) a a rs) ~ iu aati 
-\)F 
| ? 
Let F, and F 


i 2 be any two distinct members of — . If either Fy or F, 
is A, = 9 then Fy and F, are automatically disjoint. If neither 


Fy nor F, is Ay then we can write 
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| _. ) | | pn(2) 
Pro = Fa ay A Anaya, me P2754 FQ OA n(2)+1" 


Tf n(1) < n(2), then n(a) + 20), 20 


= QA), . | | 
F. 5(2)% acayea € Axcay © CA Ancayan “and therefore F, and F, are 


disjoint. A Similar argument shows that if n(2).< n(1), then Fy and 
F, are disjoint. Thus, if Fy and F, are not disjoint, then n(1) = 


n(2). and we have 


_ Nh 
PLo= Tica 0 Anan 28d Fy = Thay OM Ang 


where n = n(1) 


n(2). But then j(1) + j(2), s and 12 


0 

j (1) j (2) 
split, and therefore Fy and F. split. So we have shown that any two 
distinct members of # either split or are disjoint. 

If £ has infinitely many distinct members, let E,, Bj, Eg... 
be a counting of F. If F has only finitely many distinct members, 
let E,,..., En be the members of F and let E, = 9 for k >m. In 
either case, {E nine =) is the desired sequence. 

If F is a closed subset of the real line, then by a comple- 
| mentary interval of F we mean a component of Bt, (le F = R, then ¢ 


is considered to be a complementary interval of F.) 


Definition. By a special family we mean a family Jil of subsets of R 


such that 

(3) Fis nonempty 

(4) _ each member of 4 is bounded and closed 

(5) there exists a sequence {F }°. of members of f- such that 


n-n=l 
every member of # is equal to some F, and the following condition 
is satisfied. 


(5a) If m > n, then either Fa is contained in one of the complementary 
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intervals of Fe or else Fs splits with. F. 


Lemma 10. If E is an B set in R, then there exists a special family 


J- such that E -UF. 


Proof. By Lemma 9 we can choose a sequence {E_}__, .of bounded closed 
sets such that if n ¢ mthen E| and E| either split or are disjoint, 
; wo 
and E = l } En 
n=1 
Let n, = 1 and let Fy = E Now suppose that Ny» Nos---> Ny 


1° 
are chosen and Fis oe FA are chosen so that 


(i) len, <n, < <n 


2 eee S 


(ii) BF. is closed and bounded (i = l,..., n.) 


(iii) if no 2 r>t> 1, then either F. is contained in one of 


the complementary intervals of F,, or else F splits with F, 
(iv) if 1<i<n,, then there exists j €{1,..., s} such 


that F. GE. ; 
1 J 


n S 
Ss 
(v) Fi = \ ) E.- 
=] i=] 
We construct F. pees, F as follows. Let’ & be the family of 


complementary intervals of the bounded closed set 
n S 
S 
\s)e. = Uje,. 
i=1 * i=l * 


We assert that E 4] meets at most finitely many members of J. lf this 
assertion is false, then there exists an infinite sequence {I} 4 of 
members of & such that n + m implies re) I = >, and there exists 


(for each m) a point x, € I, NE). {x_} is a bounded sequence, 


m m=1 


. 


and n ¢ m implies that x, ¢ X,. From this it follows that a 


has either a strictly increasing or a strictly decreasing convergent 
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subsequence. We will assume that {2 (4) ay is a strictly increasing 
convergent subsequence; the reasoning is similar in the case of a 
strictly decreasing convergent subsequence. Say Ta(k) = (a, 5 b). 
Then a < Xn Ck) < bj; so since mk) < Xn (k+1) < Le and 

Esk Lickel) We must have nck) < 8x41 S %mceiy' Therefore, if 


we let : 


x = im x 
~ kee “m(k)? 
then x = Pies a, also. Moreover, for k > 2, a, is a finite real 


S | | 

number, so that a, € \) E.. Therefore there exists u €{1,..., s} 
i=l 

such that a, © EA for infinitely many values of k. Consequently 


XE Ea But since Xn (Kk) = E41? x € Eo also. But then x € EN Nn E el? 
so that E and E_|, must split and x must be a splitting point for 

EN and Eel" Since infinitely many ay lie in Ew EF contains points © 
that are less than x; and E41] 2480 contains points less than x; 


therefore EY and E Sel cannot split, and we have a contradiction. This 


proves the assertion. Let 
JS = {g}UlIA E.,j : l€s and I NE, F Ot. 


Let No4y equal ne plus the number of members of .f. Let Phe appt? 


Pagel be all the members of 3. We must show that conditions (i) 

through (v) are still satisfied when s is replaced by s+l. Conditions 
(i), (44), and (iv) are obvious. The verification of (iii) is divided 
into three parts . Suppose n 


se] DT? TA. 


Case I. Assume that no2r>t > 1, In this case we already know 
that either F is contained in one of the complementary intervals of 


=: 


F. or else F splits with Bie 
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Case II. Assume that n.,, >r>n,>t>1. There exists v € {1,...,5} 


" * ; ; . . * . ' * 
such. that F. = EL. Either E,, and Ey] are disjoint or they split. 


Case Ila. Assume .E and E., 1 are disjoint. Either F = $ (in which 
case F is certainly contained in a complementary interval of Fd or 
else F.. + > and FT TOE, for some IE€M. Let J be the smallest 
— * ' 
Closed interval containing Fe Then J&I andJ STE cL) E.) » so 


i=l 


. | | 
that J does not meet E,: The endpoints of J lie in F eE SO 


s+]? 
neither endpoint of J lies in E,- So J does not meet BE and therefore | 
J does not meet F,; from which it follows that Fis contained in a 


complementary interval of Bee | 


. | . . c Cc 
Case IIb. Assume that EY and E+] split. Since F. - EY and F = Eel 


it follows that F. and F. split. 


Case III. Assume that Neyyp 2T 7? t? ay. If either For F. is 9, 
it is clear that F. is contained in a complementary interval of Fi | 
Otherwise, there exist I,, L€D such that I, A I, = and 


F = INE and F. = 1, NEL 


Since I, and I, evidently split, F. and F. must split. 
Thus condition (iii) is verified. 


As for (v), it is clear that 


;.S c Ns+] 
E - ES AQ F,SE 
s+] LY i «je ste j s+]? 
so that 
‘stl s Ss 
_ Bs (U) E. v (Bou ” re - 
i=] =L1 | 1=] 


S (Wry uc ®D pei U 
= OYFD ¥ © LT) SCY Fv By = Ug, 


=Ng + i=l 
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stl n n : n 

. Ss ,orl, St]. 
Hence LL), = (OU Foyuctl J FF) = Cyr, 
‘isl jal? jentl 2 jst 


w Thus we have shown that we can construct sequences {n, je =1? 
{F ke 1 in such a way that conditions (i) through. (wv) are satisfied 
for every value of s. If we set F= {F, >: kel, 2, vals it is easy 


to verify that fF is a special family and that E = LF. a 


Definition. If, and, are two families of sets, let 
FLAF, = {F, NF, : Fe F, and Fi € F5}. 


Lemma 11. If and‘ are two special families, thenFAF is a 


special family. 


Proof. Conditions (3) and (4) in the definition of a special family 
are Clearly satisfied, so we just have to verify (5). | 
Arrange all pairs of positive integers in a sequence 

according to the scheme shown in Figure 1. Let (a(k), b(k)) be the 


kth term of the. sequence” («k = 1, 2, ...). Observe that k < 2 if and 





lone reader may find it amusing’ to derive the following 
formulas for (a(k), b(k)). For real t, let [[t]] denote the largest 
integer that is strictly less than t. “Then 


a(k) = slr ee 2 = + (AA - ke +1 


3 y OPN, cya) 5 +5 L 2 3c a (HART), -k +1 


= aC LLv8k+1]] + 5 


Non 


(, + 3)([[V8ket]] +1) -k +1 if [[V8k*I]] is odd 


- SCLLVSKAT]] + 2) [[VBRAT]].- k 41 if [[V8k+T]] is even, 





{ 
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only if either a(k) + b(k) < a(%) + b(2) or else a(k) + b(k) = a(%) + 
b(2) and b(k) < b(2). Thus k < 2 implies that either a(k) < a(2) or 
bi) <b). | 

Le {Fh 1 be a sequence of elements of fF such that every 
member of FF is equal to some E and such that condition (5a) in the 
definition of a special family is satisfied. Let {F } ", be a 
similar sequence for F. Set 


ry ‘ ~ 


Fy = Fak) © Pb Ck)’ 
Then {FL} =] iS a sequence in AF such that every member of Fa F 
is equal to some F.. We must show that condition (5a) is satisfied. 


Suppose that 2 > k. Two-cases occur. 


Case I. a(k) < a(2). 


Note that F< F a(k} and F, SF a(2)° Either Fa (2) is contained in 


one of the complementary intervals of Pa(k) (in which case F, is 


contained in a complementary interval of FL) or else F ( and F 


a(2) a(k) 


split (in which:case F, and F, split). 
Case II. b(k) < b(%). 


In this case a similar argument — shows that either F, i 1s contained in 


i i oS, i i i ie 


b(k) = 4 (pA = yy : feces! *41°) +k 


Sever) +f Hey MM parry - 3 Heap VM, 


=S(LIVERFT]] + DC{(VSRT]] - 1) +k ~— if [[VBRFT]] is odd 


| “LRT (VERT - 2) +k if [[V8k+I]] is even. 
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a.complementary interval of F, or Fo and PF, split.. Thus condition 


(5a) is satisfied, and-FA is a special family. @ 


cE 


Lemma 12. Let E E. be two F sets in R such that E and 


“iL? 2 1 2°. 
suppose that F; and F,, are special families such that EY = UF, and 
E, = UF. Then E, = UG AF). 


The proof is obvious. 


Next .we introduce some notation. 
Let J be a nonempty interval on X with endpoints a, b (a <b). 


By Trap (J, €, 8) (where 0 E (0, a) and « > 0) we mean the interior 


of the trapezoid shown in Figure 2. That is, 
Trap(J, €, 8) = { ¢x, y> -O0<y<e,a+yctnea<x<b-yctn 6}. 


For 0€ (0, zy, let Tri (J, 9) be the closed triangular area shown in 


Figure 3. That is, 
Tri (J, 9) = { <x, y> :y>Oanda+yctne<x<b-y ctn 6}. 


If x, E X, € > 0, and @ € (0, >)» let S(x), é, 8} denote the open 


Stolz angle shown in Figure 4. That is, 


S(X> 3 e, 8) = { <x, y> : 0 < y<é€&, 


Xt y ctn (mw - 8) < x < x, + y ctn 6}. 
If K is a closed set on a real line, let J(K) be the smallest 
closed interval containing K. If K is bounded, closed, and nonempty, 


e¢>0, andO<8<a <7; then we define 


—— — 


B(K, c, a, 8) = Trap (J(K), c, o) - \_) tri 1, 8), 
TE YY 


where & denotes the set of complementary intervals of K. 





Figure 2e~-Trap(J,€& 3 9 ) 
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Figu 
re 3.--Tri(J, 9) 


\/a X axis 


x, 


Figure 4.--S(x9,€ ,@) 


(6) 
(7) 


(8) 


(9) 


(10) 


(11) 


(12, 


(13) 
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fou 


We.state without proof the following readily verifiable facts. 


B(K, €, a, 8) is an open subset of H. 

S(e, e, 6) is an open subset of H. 

If Ky and K, split, then for any Eq» E>, 0, B, 
B(K,, E12 8) and B(K,, eos a, B) 

are disjoint. 


C us 
Suppose that Kok, e>e, > 0, and 0 < 8 < 8, < a, < a< >: 
Then 

—— $$ c 

B(K, , E,> %; 84) NHCOB(K, ¢€, a, 8B). 

Suppose K, is contained in one of the complementary intervals 
of K, and suppose «, a, 8 are given. Then there exists 6 > 0 
such that for every n < 4, 
B(K, «, a, 8) and B(K,, n, a, 8) 
are disjoint. 
| | ‘ 
Suppose that a < 9 < > and Xo € J(K) . Then, for any e, E\> 
/ 
B, 
B(K, €, a, 8) and S(x,, cy» 8) 


are disjoint. 


* 
Suppose that x, € Ka J(K) and 6 <a < 0 < . Let « be given. 


Then there exists 6 > 0 such that for every 9 < 6, 
S(x); n, 02) NH S&B(K, e, a, 8B). 


Suppose that e« < «' and 8' < 6. Then 


S&); é, 0) AH fsx, e', Ot), 


(14) 


(15) 


(16) 


(17) 
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Suppose x, & K and c,.a, 8, @ are given.. Then there exists 


$ > 0 such that for every n < 8, 
S(x,, n, 9) and =§=s- BK, e, a, 8) 
are disjoint... 
If x, + x, and «, 6 are given, then there exists 6 > 0 such 
that for every n < 6, 
S(x,, €, 6) and S(x,, n, 9) 


are disjoint. 


B(K, €, a, B)AXEK, 


Six, =, 6) €, OS) NX = {x}. 


Definition. If is a special family, let F* be the set of all 


members of F that have two or more points. 


Definition. Let F be a special family, let E be the set of all. end- 


points of intervals J(F) where FE F, F + $, and suppose that 


0O<B<a<@ <t. By a pair of ‘special a, 8, 6 functions for F we 


mean a pair (e, 6), where € and 6 are positive real-valued functions, 


the domain of e¢ is E, the domain of 6 is a and 


(18) 


(19) 


(20) 


for each n > 0, there exist at most finitely many Fé F such 


that 6(F) > n; 


for each n > 0, there exist at most finitely many e € E such 


that e(e) > n; 


ife, e' € E and e ¢e', then 


S(e, e(e), 6) ° and S(e'. e(e'), Q) 
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are disjoint; 
(21) if F, K €F and F 4K, then 
B(F, 6(F), a, 8) and B(K; 6(K), ¢, 8) 
are disjoint; 
(22). if e €E and FE F*, then 
S(e, e(e), 9) and ._ B(F, 5(F), a, 8) 


are disjoznt. 
Lemma 13. Let fF be a special family and suppose that 0 < B <a <6 <>. 
Then there exists a pair of special a, 8, 6 functions for F. 


Proof. Let {F heed be a sequence of members of FF of the type referred 


to in condition (5) in the definition of a special family. Let 
FF (n) = {Fe F > Fe F, for some k < n} 


E = set of all endpoints of intervals J(F) for 


FEF, F + 6 


E(n) = fe €E : eis an endpoint of J(FL) for 


some k <n for which F, + o}. 


If J(Fs) has one endpoint e, set e(e) = 1. If J(F,) has two 


endpoints C12 So, then by (15) we can choose e(e,) <1 ande (e. ) <1 
so that S(e,, ¢(e,), 8) and S(e,, e(eg), 9) are disjoint. If FEF. 
set S(F,) = 1. In this case, J(F,) has two endpoints ec and eo and 
(by (11)) B(F,, (Fy), 4, 8), Sey, e(e,), 6). and S(e,, e(e,), 6) are 


all disjoint. 


Now suppose that e(e) and 6(F) have been defined for all 
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e € E(n) and all F €F*(n)-in.such a-way that . 


(i) if e, e' € E(n) and e 4 et , then S(e, Efe), 6) and 
S(e',e(e'), 6) are disjoint; 
(ii) if F, K € F*(n) and F + K, then B(F, 6(F), a, 6) and 
B(K, 6(K), a, 8) are disjoint; | 
(iii) if e € E(n) and Fe #7 (n), then S(e, e(e}, 6) and 
B(F, $(F), O, 8) are disjoint; | 
(iv) if e € E(m) and k <n is the least integer for which 
e € E(k), then e(e) <i 
(v) if F < fF" (n) and k < n is the least integer for which 


F €F*(k), then 6(F) < 2. : 


We must extend the definitions of e« and 6 to E(n+1l) and 
i (n+l) in such a way that conditions (i) through (v) are still 


satisfied when n is replaced by ntl. 


Case I. If F 
n+ 


- - 2 ; 
, = 9 orif FL, = F, for some k <n, then F (n+1) = 


a (n) and E(n+1) = E(n), so that nothing is required to be done. 


Case II. If Fel consists of a single point e and if e € F, for some 
kK <n, then (since Fel and FE must split in this case) e 1s an 
endpoint of JCF); so that again #" (n+1) = F" (n) and E(n+1) = E(n), 


and nothing is required to be done. 


Case III. Suppose that Fel consists of a single point ey and that 
for each k <n, e. € F,. By (14), (15), and the fact that E(n) and 
. 1 
F* (n) are finite, we can choose e(e,) e_ (0, aD so that Se; e(e,), 8) 
is disjoint from S(e, e(e), 9) and from B(F, 6(F), a, 8) for each 


e € E(n) and-each FE Fi(n). The construction is then finished for 
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E(n+1) and F(n+1). 


Case IV. Suppose that Fh +1 contains at least two points and that, for 
each k <n, F, ¢ Fj: For each k < n, either Fray Splits with F,, or 
-else BF +1 is contained in a. complementary interval of Fhe Since (n) 
is finite, (8) and (10) show that we can choose 6(F yy _ (0, rae SO 
that B(F ay SCF gy)» a, 6) is disjoint from B(F, 6(F), a, 8) for each 
FE FF (n) : 

Say e € E(n). Then e is an endpoint of J (FL) for some k < n, 
so (since Bel either splits with Fy or is contained in a complementary 

* 

interval of F,) e €I(F 4) . By (11), BCE 


nei? 8Fngq)> a 8) and 


S(e, e(e), 9) are disjoint. 


i 


Let e); e,' be the endpoints of J(F ap: 


y t 
Case IVa. Go» & € E(n). 


In this case the construction is already finished. 


Case IVb. e€ € E(n) and e)! & E(n). 

If ey! EF for some k < n, then Fel splits with FL» SO that 
e must be and endpoint of J (FL) --which contradicts the assumption 
that e.' € E(n). Hence, for each k <n, e,' € FL. By (14), (15), 
and the fact that E(n) and Fe (n) are finite, we can choose 

1 —~ , oe 

e(e,') ~ (0, war so that S(e,', e(e.'); 6) is disjoint from 
S(e, e(e), 0) and from B(F, é(F), a, 8) for each e € E(n) and each 
FEF (n). By (11), S(eo', e(e.'), 6) and BCE a 6(F 44> a, 6) are 


disjoint. Thus the construction is finished for E(n+1) and (n+1). 


i 


t ¢£ 
Case IVe. e. € E(n) and e,' € E(n). 


This case is essentially the same as Case IVb. 
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Case IVd.. e. ¢ E(n) and e,! & E(n). _ 
Ife, € F, for some k <n, then Fj splits with F,, so | 
e, is an endpoint of J(FL) 5 a contradiction. Thus eo € Fy for k <n, 
and similarly e,' & F, for k <n. Therefore, by (14) and (15), we can 
oy | - 

choose e(e.) and e(e.') E (0, =D so that S(eQ; e(e,), 8) and 

S(e,'s e(e.'), 6) are disjoint and each of S(e.s e(e), 6) and 

Ss(e,! e(e'), 6) is disjoint from every S(e, e(e), 9) (e € E(m)) and 
from every B(F, S(F), @, 8) (FEF (n)). By (11), S(e.; e(e,), 6) and 


S(e_' 


o e(e.'), 6) are each disjoint from B(F 


n+l? 6(F 41> a, B), so the 
construction is finished for E(n+l) and sp? (n+1). 

We have shown that we can inductively define e(e) for every 
e © E and 6(F) for every F e in such a way that (i) through (v) 
are satisfied for every value of n. Conditions (20), (21) and (22) in 
the definition of a pair of a, g, 8 special functions are thus auto- 
matically satisfied by (ce, 6). We must verify that (18) and (1%) are 
also satisfied. 

Suppose (19) is false. Then there exists n > O and there 
exists an infinite sequence {e,},_, of distinct members of E such that 
e(e,) > n for every k. Let m(k) be the least integer for which ey 1s 
an endpoint of JFK): Each J(F J has at most two endpoints, so, 
since the e, are all distinct, there exists (for given m) at most two 
values of k for which m(k) = m. Therefore there exist infinitely 
many distinct integers among m(1), m(2), m(3), .... Consequently 
there exists j with Tay < n. But, by (iv), e(e,) < aay < Nl, a | 
contradiction. So (19) must be true. A similar argument shows that 


(18) is true. @ 
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Lemma .14.. Let F be a ‘special family, 0 < 8 <.a.< @ < > and.let E be 
the set of.all endpoints of intervals J(F) for Fé ¥, Suppose (ce, 38) 
is a pair of special a, 8, ®.functions for f. If e,, 6; are two real- 


valued functions having domains E and Ff’ vespectively, and if 


0< €, (e) < e(e) for all e € E, and 


S(F) for all FEF, 


fA: 


O< 6, (F) 
then (Ey, 64) is a pair of special 0, 8, @ functions for IF, 
Proof. This follows from the fact that 
t Cc iT 
S(x,. €', 8) =S(x,, €", 9) 
and B(K, e', Os 8) &— B(K, el, Q, 8) 
whenever «' < ce". 


Theorem 4. Let A be any set of type FAs in X. Then there exists a 
bounded continuous complex-valued function f defined in H such that A 


is the set of curvilinear convergence of f. 
eo 


Proof. We can write A = ( | A> where each A, is of type FS and 
Au, SA, for every n. For each n, let F be a special family with 


UF. = A.. Let. 
F, = F; 


“a 


Fist = FA Fel “" for n ? 1. 


By Lemmas 11 and 12, together with mathematical induction, FF, is a 
special family and UF, = A. : ‘Moreover, every member of Fist is a 


subset of some member of F. 


oO 


Let {8 tnsl 
converging to x 


be a strictly ascending sequence in (0, =) 
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Let. fo, 1 1 be a strictly descending.sequence in GF 
a | 
converging to ¢. 


8 
Let (6 Jaen be a strictly ascending sequence in a, Sn 


; ot 
converging to 3 


Let ED be the set of all endpoints of intervals J(F) for 


FE F.,- | | - | 

Let (e(1,:), 6(1,-)) be any pair of special Oy s By» 8, 
‘functions for F, 

Now Suppose that for each k < n we have chosen a pair of 
special oy B., 8 , functions (e(k,:), 6(k,-)) for F in such a way 
that - 
' (i) whenever l<k<n-1l1,e€€ Ee? F EF", and 


* 
e€FnJ(F) , then 
Ste, etkel, 6), 6) Cc ); 
Sle, e(k+l, €), 0 ,,) NHEB(F, S(k, F), o,, 8); 
(ii) whenever i <ken-1,e¢€8 ),; and e€ E,, then 
Ste, e(ktl, e), OD AnH ©S(e, e(k, e), 81) 3 


PF , and KC, then 


GM) whenever 1 <k<n-i1, KE Fi,1,> 





BK, O(k#1, K), ay, Ray OH SBF, 6k, FP, a, &)- 


Then we construct (e(m+1,-), dS(m+l,°)) as follows. Let 


functions for F 1° If 


(ce, 5) be any pair of special Cael? Bel? nv 


* 
e€E, - B,» then for some unique Fé FY, e€FNJI(F) , so by (12) 


we can choose &(e) > 0 such that n < &(e) implies 
S(e, n, ns Oa) NHCB(F, 6(n, F), > Bi). 


We set e(n+l, e) = min {e(e), E(e)}. On the other hand, if e EE NE, 


n+l n 


4] 


then we set e(ntl, e) = min {e(e), Fen, e)}. 
If F ef. then there exists: a unique K ey with F CK. 
Set | 


S(n+1, F) = min {6(F), = ota, K)}. 


By Lemma 14, (e(n+1,"), $(n#1,+)) is a‘pair of special One? 
Bel? ol functions for F 4. and by (13) and (9), conditions (1), 
(ii), and (iii) are still satisfied when n is replaced by n+l. Thus 
we can inductively construct a pair (e(n,°), 6(m,°)) of special ae 
Be O functions for F in such a way that conditions (i), (ii) and 
(1ii) are satisfied for every n. 


Let 


UL = \) S(e, e(n, e), 0 | Ue 
n ‘ cE n 
A 3 6 bs 3 3 e 
Le B(F (n, F),a n ‘| 


Then Un is open. For fixed n, all the various sets S(e, e(n, e), o 

(e € EW and B(F, 6(n, F), Oe 8 (F € F*) are open and pairwise dis- 

| joint, so that every component of U, is contained in one of the sets 
WI) 

S(e, e(n, e), 0) (e€ E) or BCF, S(m, F), a, 8) (FEF). It 

therefore follows from (16) and (17) that if Q is any component of U? 


then 
(23) Q NAXSA. 


From the fact that (e(n,-), 6(n,°)) is a pair of special ne 
6,» ©, functions for F, together with conditions (18) and (19), it 


follows that 
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wa H = Us S(e, Sh, “373 Tan] U 
| SE 
a9 TC é(n, WH, Bnd. 
ee 


Consequently, conditions (i), (ii), (iii), together with the fact 
that 
* “ . | 
e € En+l - .=> e€ FN JI(F) for some FEF, 
U Cc 
show that Unel N H¢ UL, for every n. 


By Urysohn's Lemma, there exists a continuous function 


8: H+ [0, 1] such that 


i! 
a 
Kh 
\e) 
KH 


g (2) 


— | 
and | g, (2) = ) for z€ Uy 


2€H- U, 


1% H. 


Let g(z) = 2 = g (2). Then 0 < g(z) < 1, and the series converges 
: n=l] 2° : | 
_ uniformly, so g is continuous on H. 
IfzEH-U, then z EH - U, for every m > n, so that 


= g (4) = g,,,(2) = 8,90). = ---; and hence 


| i. $41 
(24) = g(z) a mS ; - (ZEH - U,)- 





Also, if z € Une then z eU,, Up» veey Une? so that 


O = g,(2) = g,(4) =... = g (2), and 
4 1 | 
(25) = gz) < nent! om = - (2E U1): 


We assert that 


(26) for each x EA, g(z) +0 as z>x, with z€ S(x,, 1, = 


Take any natural number n. Since x, € An+l = UF ‘1? either 


' ay * ria . 
x, & Enel or else X, € FNJI(F) for some FE Fiat: In the first 


43. 


case, set n = €(ntl, Xx): In the.second case, (12). shows that we can 


. choose n > 0 so that 


S(xy, ns 3) SB CF, S(ntl, F), oy Bay): 


Suppose <x, y€ S(x,, l, Ea and y < n. Then, in the first case, 
oo Ti c - . a c , 
<x, y € S(x,.n, x) SS(x,, (ntl, X), 4,) SU,4,. and in the 
second case, 
<x, yy € S(x, 1, FO SBF, Stl, F), 0), 8,,) SU. So, by 
(25), | 
(<x, yy € S(x,, 1, - and y <n) => <x, yy E€ UL, 
— 0< g(x, y) os 
2 
This proves (26). | 


Let Xo be a point in X and y any arc at Xo" Suppose g(z) > 0 ~ 


as zZ* X, along yY. Then y has a subare y' with.one endpoint at Xo 


such that y' - {x_} Cet, 4). By (24), y' - {x }€u. 

| o 7 gn’ on | o 7 on 
Therefore, by (23), Xo € A. Since n was arbitrary, x, € (\ A, = A, 
Thus, | 
(27) if there exists an arc y at x) such ‘that. g(z) > 0 as z 


approaches x, along y, then X,, E A. 


Now define 


f(x,y) = g(x, y) sin ; + i g(x, y) (<x, y> € HD). 


If x, € A, then, by (26), £(z) +0 as 2 > x, with 2 €S(x,, 1, 29. 

Thus every point of A is in the set of curvilinear convergence of f. 
Conversely, suppose Xo is any point of the set of curvilinear 

convergence of f. Let y be an arc at Xo such that £ approaches the 


limit c + di along y. Then g approaches the limit d along y. Ifd 
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is different from zero, then g(x, y) sin - (the real part of f£) cannot 
approach any limit along y -- a contradiction. Therefore g approaches 
the limit 0 along y, and, by (27), x, €& A. Therefore A is the set of 


curvilinear convergence of f. a 


59. Boundary Functions for Continuous Functions 


Lemma .15. Let E be a metric space, Y a separable metric space. 

| 
Suppose that »: E> Y is a function having the foilowing property. 
For every open set U SY there exists an F_ set L GE and a countable 


set N CE such that 
-1, -1 
e (UCLE P (UY UN, 
. Then there exists a countable set M &E such that lev is of class 
(FE (E - M)). 


Proof. Let &be a countable base for Y. For each BEB, let L(B) GE 


be an F set and let N(B) © E be a countable set such that 


¢ (By) € 10) € o 7 v NEB) 


Let M = \ N(B). Then Mis countable. Let ES = E - M and let 
& 
?, = Pl We show that p, is of class (F (E)) . 
Let W be any open subset of Y. If pe W, there exists r > 0 
such that S(r, p)@ W. Choose BE® so that pEBS S(5 r, p). Then 


B&S(r, p) GW. It follows that — 


NeW B= \J B, oem 
BEQ(w) BEQCW) 


where Q(W) =. {BER : B CW}... Therefore | 
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S BAN \) L(B) 


BE a(W) 
CEA [ep (B) uv N(B)] 
° BE QW) ° 
cen) igtwmom 
BE @(W) 
-—ean lL ¢te® 
BE Q(W) 
1 -] 
= ELSNg WW) = ?. (W) 


Consequently .* (W) = By N BE a(W) -L(B), so ¢, CW) is of class 
(F(,)). 


Theorem 5. Let Y be a separable metric space and let f : H+ Y be a 
continuous function. Suppose that E©& xX and that : E+yYisa 
boundary function for f. Then there exists a countable set MCE 


such that Plein is of class (FC ~ M)). 


f° — 
‘Proof. Let U be any open subset of Y, and let W = (U)'. Let 


A. {x €X : there exists an arc y at Xx, having one 
endpoint on x such that y - {x} fet yy} 
K = {x € X : there exists an arc y at x such that 


y- oF Sf Ww}. 


Ob serve that 
~1 ° 
ew cle, 
n=] 
and ot) <x. 


For the time being, let n be a fixed natural number. For each 


x € K we can choose an arc Y, at x such that 


v¥, - {x} GH NEW). 
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- ee ee 


Since an arc.at x is by definition a simple arc, y, - ix} is a 
connected set. and hence must be contained within one nonempty component 
of Hs n £7 *(w) Let U, denote this component (for each x € K). 

Let T be the set of all points of K that are two-sided limit 
points of Ea We claim that if x, y €T, then x + y implies 


y 
of the same set) Uy and Uy, are equal. Let p be the endpoint of Vx 


U NU = 6. If U. NU + >, then (since U, and U. are two components 
x xy x y 


lying in U,. and let q be the endpoint of Yy lying in U, = U,- We can 
join p and q by an arc y lying in UL Putting Vy Yy and ¥ together, 
we obtain an arc o with one endpoint at x and the other at y, such 
that a - {x, y} S U,- According to [12] we can choose a simple arc 
aot Sa having one endpoint at x and the other at y. Of course, 

a' - {x, y} = UL S Ho fn e+ (wW) . Let I be the open interval in X with 
endpoints at x and y, and let J=X- 1. Let B be the bounded 
component of H - a' and let A be the other component. Since X, is 
unbounded and does not meet a', X, CA. 

Because x is a two-sided limit point of E_, we can choose a 
pointwE Ine. Let 8 be an arc at w, having one endpoint on X_, 
such that B - {w} cS ety) . Then B does not meet a' (because 
a! - {x, y} €£4cw) ana £7 1(w) n £7) Cu) = 6), and therefore (since 
B. - fw} contains a point of Xx CA} B - fw} GA. It follows that 
wEA, This, however, is a contradiction, because the frontier of A 
(relative to the finite plane) is atu J. We conclude that, for x,y ET, 
x + y implies U, MU, = 4. | 

An open set in the plane has only countably many components, 


so it follows that T must be countable. Let S be the set of all 
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points.of E_ that are.not two-sided limit points of E_. .We know that 


S is.countable, so 


i 


IkKaA, - §8)] v [Kn s] 


KNE_ = 
n 
= Tul[KnsSs] . 
is countable. 
. co oO 
Let N=KN”N \ / E = |) (K NE). Then N is countable, and, 
n=1 n=] 


since et cw) Ck, | | . 


eu) ent ) E,CENL EB 
n=1 n=1 
= enkall EV (CE - Kal) E) 
n=1 n=1 


C (ENN) U(E-K)C(En N) U (CE - p(w) 


= (ENN)vu ol). 
| 


Thus @ *(U) CEN \ J ED C(ENN) vu et , and the desired resuit 
n=] 


follows from Lemma 15. 


Corollary. Let Y be either the Riemann sphere, the real line, or a 
finite-dimensional Euclidean space. If f : H+ Y is a continuous 
function, if E& X, and if @m: E + Y is a boundary function for f, 
then @ is .of honorary Baire class 2 (E, Y). 

Next we show that the foregoing corollary is as strong as 
possible in the sense that if E is any subset of X and @ is a function 
of honorary Baire class 2 mapping E into a suitable space, then there 
exists a continusus function in H having ¢ as a boundary function. A 
proof of this result....at least for real- or vector-valued functions ae 


was outlined by Bagemihl and Piranian [2, Theorem 8], in the case 


ee em 
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where E = X, Although the construction given here is carried out much 
more explicitly than the construction given by Bagemih1 and Piranian, 
my treatment differs from theirs in only two aspects that are of any 
significance. First of all, the proof of the theorem for arbitrary 
subsets E of X depends on Lemma 6 of the Introduction. Secondly, 
Bagemihl and Piranian say in the last line of their proof that there 
is "no difficulty now in extending f continuously to the whole of D 
in such a manner that » is a boundary function for f." While this 
appears to be all right for real- or vector-valued functions, it is 
not clear why the extension should be so easy for functions taking 
values on the Riemann sphere. Theorem 7 of the present paper shows, 
however, that the result can be obtained for functions taking values 
on the sphere once it is known for vector-valued functions. 

The following miniature closed graph theorem wiii be a 


convenience, 


Lemma 16. Suppose that M is a metric space and that u:M-+>Ris a 
function having the following properties: 

(1) if {p,} is a convergent sequence of points of M, then 
{u(p,)} converges neither to + © nor to - @; 

(ii) if {p,}SM, p EM, and y ER, and if Py > P and 
u(p,) > y, then u(p) = y. 


Then u is continuous. 


Proof. Suppose that {p,} is a sequence of points in M converging to 

a point p€M. Using (i) it is easy to show that {u(p,)} is « bounded 
sequence, Suppose that {u(p,)} does not converge to u(p). Then there 
exists a subsequence {u(p, (,))} that converges to a real number 


y + u(p). This, however, contradicts (ii). We conclude that 
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Lemma 17, Let h : R~*R be a strictly increasing function such that 
h(R)} is neither bounded above nor bounded below. Then there exists a 

* * 
continuous weakly increasing function’h ; RR such that h (h(x)) = x 


for every x ER, 


Proof. Let Z = h(R) Observe that n7 : Z*>R is strictly increasing. 
For any x€ R, the set (-°, x] MZ is nonempty. Also, ht ((-0, x] AM Z) 
is bounded above, because if we choose y € Z with x ‘y, then 

n7(-©, x] AZ) is bounded above by h7{(y). - 


We claim that for every x ER 
-1 . -1 
(27) sup h “((-0, x] 0 Z) = suph” ((-#, x) MZ). 
If x «€ Z, the equation is trivial. Suppose x € Z. Then 
-1 : 
y <h “(x) => (h(y) < x and h(y) € 2), 
so that h((-o, n-*(x)) (-0 , x) M\ Z. Hence 
~1 -l 
(-0, h (x))Gh ((--, x) r" Z); 


so that sup h7}¢(-0, x) ry Z) > hte = sup h-*((-0, x].n Z). The 
opposite inequality is trivial, so (27) is established. 


We also claim that 
| . -l,,. -1 
(28) inf h “((x, +°-) AZ) = suph ((-%, x] nZ). 


Obviously, inf nh 7((x, +0) ~Z) > sup h-*((-», x] nN Z). Take any 

y > sup’ n-+((-0, x] a Z). Tf h(y) < x, then h(y) € (-~, x] n Z, and 
SO yeh -((-«, Xx] A Z)-- a contradiction. Thus h(y) > x and 

h(y) € (x, +#) NZ. Therefore y € h™!((x, +”) MZ), and so 


inf'h*((x, +) A Z) <y. In view of the choice of y, this implies 
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that . 
ee : ne 
inf h “((x, +”) m Z) 45 sup h “((-,.x] AZ), 


and (28) is established. 


Define 
x J 
h (x) = suph “((-~, x] nZ). 


* * 
It is clear that h is weakly increasing and that. h (h(x)) = x for 
* | f 
every real x.. The continuity of h can easily be deduced from the 


equations 
* * 
sup h ((-", x)) = h (x) 


inf h ((x, +*)) 


* 
h (x), 
which are established as follows: 


sup 
YSX 


sup h ((-*,.x)) sup h7*((-», y] AZ) 
= sup R'((-8, x) 4 2) 


= sup n=) ((-», XxX] A Z) 


a h(x) 
ko i - 
inf ‘h ((4, +~j) = px sup h™*((-», y] 9Z)- 
_ inf. -] ae 
= y>x int h “((y, +) m Z) 


= inf nv? ¢ (x, +0) “ Z) 


= sup h/((-0, x] A Z) 


h(x). | 


Theorem 6. Let E be any subset of X and let @: E + Rt be any 
function of honorary Baire class 2(E, RY. Then there exists a 


‘ontinuous function f : H > R* such that (pis a boundary function for 


f. 


ol 


Proof. Let »y : E+ R* be a function of Baire class 1(E, RY) and N a 


countable subset of E such that \p (x) = w(x) for every x €E-N. Let 
{s_} 


nn=1 


oo 


(with n +m implying S., + Sy be a countable dense subset of 


X that includes every integer and every point of N. Let 


—— 


t,o = 1 if S$ iS an integer 
t. = i if s. is not an integer. 
n pn f n ; 
Define 
h(x) = » th if x > 0 
O<s, <x: 
h(x) = 12 t if x <Q. 
XS, <0 


Then h is a strictly increasing function from R into R, and h(R) is 
bounded neither above nor below. Let h- be the function described in 
Lemma 17. 
Suppose that 0 <y <1. Then (for fixed x) 
u-h'( x - (1-y)u _ 
Y 

is a strictly increasing continuous function of u that approaches 
+o aS u> +o and -- as u+ -~, Consequently there exists precisely 
one number u(x, y) that satisfies the equation 
(29) u(x, y) - nC 2 EAMeG y= 0, 
I claim that u(x, y) is a continuous function on 
H, = { <x, yooix,y €R and 0 < y < 1}. Suppose’ { <x, yt © H, 
and <x, y,> +><€x,yr€ H,. If u(x, y,) + +00, then 

> GeyeOys yA) 

Yn n - 

and hence . . : 
» %, 7 (l-y,Jucxy,»-y,) 


u(x, y,J - ns > too 
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which contradicts. (29),. Thus u(x, , Yn cannot approach +», A similar. 
argument shows that u(x, y,) cannot approach -», Now assume that 
u(x,» yy > U, €R. Then, by (29), 


Xt (1-y, Jucx,; Y,) . 


lim * 
Q = n° [u(x,» Yn? -h ( y 
oa ey ee eames n 
| x % - (i-y)u, 
- uj -h(——) , 


sou, = u(x, y). By Lemma 16, u is continuous. 

From Lemma 6, there exists a sequence fg hia of continuous 
functions mapping X into Rt such that g(x) > W(x) for each x EE. 

’ n 
For n > 2, define . 
f(x, y) = (yn(m+1) - ng (ulx, y)) + ((mtl) - yn(neDg,, x, y)) 
py 
when nil s y. Ss nn” | 

Then f, is continuous on Hy aH. By the Tietze extension theoren, 


we can assume that f, is defined and continuous on all of H. Let 


inf 


Tn OC xs h(x) 
n 
. ‘Sup 
MF xcs BOD) 
n 
v, = es) - ¥(s_) if s_€ N 
v, = 0 ifs, ¢ N. 


If x and y are real numbers, define x V y = max{x, y}. For dx, y> EH, 


set 


A(% y) =. 





; . . 1 ' 1S . . 
= -_ =/= ? 
[(1 - ny) V OJ[Q. a ~F | r + 2 4s, + 2 y 


Then An is continuous in H. Observe that AX: y) = 0 when y > = 
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Using this fact,.it is:easy to show that, if we set 
~ | 


f=ofeeErta, 
0 nel 2 


then £ is defined and continuous in H. We now show that ®is a 
boundary function for f. 


Let p be any point of “E. The line 
(30) x = (h(p) -p) y+p 


passes through (p, 0), and the part of it that lies in H, is an arc 


at p. We will show that f£ approaches jp(p) along this line. If we 


substitute (h(p) - p)y + p for x in the expression for a(x, y), we 
| | 


obtain 


(31) AG y) =e 
1 


[2 - ny) VO] {a- ==> 
nh 


| 1 
~T Iz, +k +25 - 1)(s, - p) 


- 2h(p)| ) v0] v.. 


If ps s? then h(p). < Rs and one can verify directly that (31) 
vanishes. If p > Sa? then h(p) 2b): and again one can verify directly 
that (31) vanishes. Thus AEX: y) vanishes along that part of the line 


(30) lying in H. 
Solving (30) for h(p), we find that, along the given line, 


. ‘ ot l-y)p 
h . X- (l-y)p 
(p) | y , 
ke ye . . ot mt 
and hence p = 'h (h(p)) ='h ( 3 “a YIP). Therefore, if 0 <y <1 


3 


_ | , sae _ oe 1 
p=u(x, y). So, if <x, yp satisfies (30), n > 2, and —>-<y <=, 


then 


f(s, y) = (ynfmtl) - ng (p) + (Mtl) - yn(m+l))g  @). 


ae oe 
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Since the coefficients. of gp) and g.,, (©) in the above expression 


add-.up to 1 and since both coefficients. lie in [0,, 1], £,&, y) lies 


, P) > and it follows that 


on the line segment joining gp) to go4 


| f(x, y) approaches w(p) as <x, y) approaches p along the line (30). 


Since each A, vanishes on the part of this line lying in H, f(x, y) 


also approaches p(p) along the line. 


Let s, be any point of N. We show that £ approaches @(s__) 


along the part of the line 


rr... 2 


(32) x= (AS s JY +S, 


that lies in H. Again, we first consider the value of AL along the 


given line. Substituting the value of x given by (32) into the expres- 


sion for Aj? we obtain 
(33) A, (x, y) = 


[(l-ny) V O][@ - 





1 1 
a lig = ty by = tt 2G = Dye sQ)1) Y Olyy 


If Sa < Sn then Ro <b, S 8 < Typ and one can verify directly that 


(33) vanishes. If S, < Sap then BR <tr, sh <0 


n and again one can 


m?’ 
verify that (33) vanishes. Thus, for n +n, A(x, y) = O when <x, y) 
lies on the line (32) and in H. 


If we take n = min (33), we obtain 
A(x» y) = [C1 - my) V O]v,. 


Therefore A (x, y) approaches Vv, = 96s,,) - y(s,) along the given line. 
Take any <x, y> € H, satisfying (32), and take any a and b 


satisfying 


(34) a, <s. <b. 
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rtd 
Then. h(a). - < han Tat tn <r. s s h(b) so that . 
(h(a) - SY +S, 5% < (h(b) - s m? * + S33 from which .we deduce that 
Xo “-y)s_, 
h(a) <-o—™ e hO). 


y 
* | . 
Since h is weakly increasing, 
* ge BO (l-y)s, 
a = h (h(a)) <h (—; sh (h(b)) = OD. 
Since a and b were taken to be any two numbers satisfying (34), we 


conclude that 


, X- (1-y)s__ 
s, = h (-——) 
m Y 


_ whence it follows that u(x, y) =s.. Thus 


£ (x, y) = (yn(n+l) - ng (s,) + ((m+l) - yn(ntl))g,,,(s,) 


when <x, yy lies on the given line and — <y< >, Consequently 





f(x» y) approaches y(s_) along the line (32). So £ approaches ¥(s,) + 


o(s_) ~ v(s_) = p(s); and the theorem is proved. @ 


Theorem 7. Let E be any subset of X and let @: E > 5? be any 
function of honorary Baire class 2(E, 57), Then there exists a 


continuous function f : H+ s* such ithat (9 is a boundary function for 


f. 


Proof. The proof of this theorem is very similar to that of Theorem l. 


Since 54 CR, there exists, by Theorem 6, a continuous function 


gid +R having was a boundary function. Let 


K - g‘UveR : lvl = = 
Lb = gt tty € R” : ivi >> }) 
F = gi(WveER vi <Zb. 


a re 


eS ee a 
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Let. g, = gly H is homeomorphic. to R”, so by [5, Lemma 2.9, p. 299],- - 


g. can.be extended to.a.continuous function 


: 3 - ] 

(8, :H>* iveR :. |v = 5i. 

Define fi ; H > R° _ {0} by setting e 
f(z) = g(2) ifz€L 
£, (2) = g, (2). if z €F. 


Then, since F and L are closed, fy is continuous on H. It is easy to 
verify that @ is a boundary function for f,. Let P, : R® - {0} > s? | 
be the 0-projection onto 5? (see page 11), and let f be the composite 


. . ; 2 | 
function Py o fi: ' Then f maps H continuously into S', and Py? Pp =” 


is a boundary function for f. | _ 


CHAPTER IT 


BOUNDARY FUNCTIONS FOR DISCONTINUOUS FUNCTIONS 
6. Boundary Functions for Baire Functions 


It is not known whether the set of curvilinear convergence 
of a Borel-measurable function defined in H is necessarily a Borel 
set. The answer is not known even for functions of Baire class l. 
However, a theorem on boundary functions that is similar to the 
corresponding result for continuous functions in H can be proved for 


functions of Baire class & in H. 


Definition. If A and B are two sets, we will call A and B equivalent 
and write A = B if and only if A - B and B - A are both countable. 


It is easy to check that * is an equivalence relation. 


Lemma 18. If A= E, then S - A= S - E for any set S. If A, 2 EA 


for all n in some countable set N, then 


( Jas Je ana f \ae( \,. 
nENn neéeN neéN 


newn 


The proof of this lemma is routine. 


Definition. An interval of real numbers will be called nondegenerate 


if it contains more than one point. 


Lemma 19. Any union of nondegenerate intervals is equivalent to an 


a 


open set. 
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58 
Proof. .Let &.be any family of nondegenerate intervals. It.will 


+ 7 
suffice to prove that _) I - \_) ‘I .is.countable. .We can write 
1€2. i1€h 


* 
r =u, 
TEX n ” 
where {J} is a countable family of disjoint open intervals. If 
* 
x, E t } [ - L} zi ’ 
i142 t€D 
. ; * 
then xX, is an endpoint of I, for some re ¥. For some n, I, Cc Jw 


so that x € J.. But x € J » sO X_ is an endpoint of J_. Thus 
O n Oo n O n 


* 
\ I - oS I is contained in the set of all endpoints of the 
14h 1€Q ; | 


various J, and the lemma is proved. a 


Lemma 20. Let h be a weakly increasing real-valued function on a 


——— 


nonempty set EGR. Suppose that |x - h(x) , < 1 for every x €E. 


Then h can be extended to a weakly increasing real-valued function hy 


on R. 

Proof. Let e = ing E (e may be -~). For each x E€ (e, +”), set 
h, (x) = sup h((-~, x] fv E). 

Since |t - h(t)| < 1 for each t EE, 
t E€(--7 x} NE => h(t) Sx+ 1, 


so h, is finite-vaiued. Ife = -» we are done. If e > -», then 


x € E implies h(x) > x - 1 > e - 1, so h is bounded below. For 


x € (-~, e] set 
h, (x) = inf h(E). 


It is easy to verify that h, has the required properties. 


29 


Lemma 21. Let Y be a metric space, f : R* Y a function of Baire class 
_ &(R, Y), and suppose that h : R +R is weakly increasing. Then there 
exists a countable set N GR such that the composite function 


fo hip_y is of Baire class €(R - N, Y). 


Proof. Let N be the set of discontinuities of h. By a well-known 
theorem, N must be countable. But then h| pn is continuous, so that 


f o (hl) = (f 0 h)lpn is of Baire class €(R - N, y).@ 


Lemma 22. Let Y be a separable arcwise connected metric space, E any 
metric space, and let : E > Y be a function having the following 
property. For every open set UG Y there exists a set TE perl (E) such 


that ¢@ *(U) CT cw) . Then, if €>2,© is of Baire class ECE, Y). 


Proof. The proof is similar to that of Lemma 15. Let 8B be a countable 


base for Y, and suppose that W is any open subset of Y. Let 
Q(w) = weR: U Cw}. 
The argument in the proof of Lemma 15 shows that 
W = \) U = |) | U. 
UE Q(W) UE QW) 


E+] 


For each ve, let T(U) € P” “(E) be chosen so that 


etwcTrmMce¢ lm. Then 


em = WU gtwe UD ow 


U EUW) ~ vEQW) 


Cc -j _-1 
= (U) = (W). 
bow ? ° 


Thus wo cw) = \ ) T(U) , and since pottpy is closed under countable 
ue CW) 


unions, > (W) € port (E). Therefore 9 is of Baire class E(E, Y). a 
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Theorem 8. Let Y be a separable arcwise connected metric space, 
f : H+ Y a function of Baire class E(H, Y) where € > 1, E a subset of 
X, and o: E + Y a boundary function for £. Then is of Baire class 


e+ 1(E, Y). 
Proof. Let U be any open subset of Y and let V= Y-U. Set 


A = ~(U) | B = ~(V) 
C = AUB. 


/ 


Observe that AN B= 4. For each x €C, choose an arc Yx at x such 
that 
lin 
gex £(2) = (x) 


EY, 


¥, Giz: |z-x)s 
Vx - {x} Cc 7!) if x EA 
Vy - db SEW) if x € B. 


Notice that if x € A and y € B, then Yn Yy =o. 


We will say that Vx meets Yy in HO provided that Yx and Yy 


have subarcs y,' and Yy' respectively such that x € y,'¢ He 


! W ' ' 
yYEY, CH,» andy," yy + >. Let 


L. = {xE€a: (Wn)(Sy)QveEC, y + x, and Yy meets y, in HA} | 
L, = {xeB: (Wn)(Ay)W EC, y + x, and Yy meets -y, in H)} 
M, = {xE€ A: (Jn) (y, meets no Yy (with y + x) in H)} 

M, = {EB : (gn) (y, meets no Yy (with y + x) in H)) }. 

L =Lubl 

M = 


MV M. 
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Observe that La» Lys Mae Mp are pairwise disjoint,.and that 
A= Lv M. and B = Lv Me 

For each x EM, let n(x) be a positive integer such that x 
meets no Yy (with y + x) in A (x)° Then n > n(x) implies that y, 


meets no y_ in H.. Let 
y n 


/ ee 


K = ix € C ; Yx meets Xi and, if x € M, n > n(x)}. 


Then k= K+] for each n, and C = , K 
We next show that for each positive integer n and each x € Le 

there exists a nondegenerate closed interval I such that 

xE rT Cc Le vu (X - K . By the definition of Lo there exists 
yet (y t x) such that Yy meets Yx in Ho: Let I be the closed 

interval having. its endpoints at x and y. Let t be any point of I. 

We must prove that t€L, U(X-K). lft ¢ K_, we are done. So 

assume t € KS Then Y, meets x and hence it is clear from Figure 5 


that y, must meet either y, or yin Ha (This argument can be 


y 
rigorized by means of Theorem 11.8 on p. 119 in [11].) But, if t © M, 
then (because t € KD n > n(t) , so that this situation, is impossible. 
Therefore t & M. Now x € LS A, so, since Vx intersects Yy y & B. 

: | Hence y€ C - B= A. Similarly, since y, intersects Ty OF Ys 
2 tec-Be=A., Thus t@€ A-M=L, and we have shown that 
ISL, V(X - XK). 


n . 
Let W, = VU I. For each n, 
- xéL, 


c _ 
L.& win C =([L, u (X KO] AC, 


and therefore 





02 


— x, 


Figure 5. 
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fT) vu @- kKj1Fac | 


n=] 


[Lu & UD AC 
n=1 


(LA C) vie -L xD = Loué = Lh. 


fs .0] 
It follows that Le = ({ \ Wa? Ac. By Lemma 19, each Wa is equivalent 
| n=l . 


to an open set, so there exists a G set G. © X such that 


{ 


lL, Gone. 


A similar argument shows that there exists a G. set G, © X such that 


L, G, NC. 
Next we study the properties of M.: In doing this, it is 
convenient to define a function 7m : R? +R by setting n(x, y) = X. 
If x EM AK: then, starting at x and proceeding along Yo let. Pp, 
be the first point of xX that is reached. Define h> > MA K >R 
by setting h(x) = (p(x). If x, x'€ MAK, and x <x!', then, since 
Y, cannot meet Yx’ in Ha? it is evident that Pp, (x) must lie to the ; 


left of Pp, (x") that is, m(p,, (x)). < w (p(x!) . Thus h- is a strictly 


increasing function on MN KR Moreover, - 
|x - h(x) | <1 because Y¥yE {z : |z - x| < 1}. 
So, by Lemma 20, h- can be extended to a weakly increasing function 


h, >; X > R. Let 


2,0) = fh), 2 (x ER). 


ters 
ri 
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£(x, =) is.a.function (of x) of Baire.class €(X, Y), so, by Lemma 21, 
there exists.a countable set No X.such that g lyin is of Baire class 


E(X - Nw? Y), Let N = (_) Nw Then gl vn is of Baire class 


For xE MAK, g (x) = fn @), = £(p,(x)). “If x EM, then 


for all sufficiently large n, xEM”N Ke SO — 


lim : _ lim | _ 
vc. Sy (X) =F sco ECP O)) = OX). 


Thus glu > | > SO gol MeN * Oly ne hence | ven is of Baire class 
E+ 1(M-N, Y) . It follows that there exists D€ pote (X) such that 
| 4 | 
A A(M-N) = (ly w (UY) = DA(M-N). 


Obviously ANM= DAM. Now, 


L= Lvl =(Gncqu(@acd = (Gu Gn ¢, 


so 


t 


OM, = ANM2* DAM= DACC - L) 


12 


Dac - ((6,4 &) AC)] 


-DN [X - (Gu GIA C. 


G. and G. are G. so X - (G., VU G) is F , and hence 
2 a E+2 
X- G vG)yeP()&P (X). 


Therefore M, = F AC, where F € pot4 (X). Now, G. E G.(X) = Q? (X), and 


since £ > 1, Q(X) GPP**(H), so GU F e pet x). But 
A = Ly M, ee (Gin C) v (Fac) = (Gv F) AN C, 
soA= SMC, where SE pot2 


(X). Since every countable set is F it 


1s now easy to show that 
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A = TAT 


E+2 


for some T € P (X). From the definition of C it follows that 


T©& xX -B. Thus we have 
-1 -] -1 
i (U) = AGCTANECE-B = E-w (VY) = »p (UV). 
TONE e pet? (E), so Lemma 22 shows that 9 is of Baire class —& + 1(E, Y).@ 


Corollary. Let Y be a separable arcwise-connected metric space, 


f : H+ Y a Borel-measurable function, E a subset of X, and p: E+ Y_ 


a boundary function for f. Then p is Borel-measurable. 


Proof f is of some Baire class €(H, Y), hence @ is of Baire class 
e + 1(2, Y), hence @ is Borel-measurable. i 

This corollary raises the question of whether a boundary 
function for a Lebesgue-measurable function is necessarily Lebes gue- 


measurable, which we answer in the next section. 


7. Boundary Functions for Lebesgue-Measurable Functions 


j 


Suppose that ae bee a,,'b, are extended real numbers, and 
that a 0 <b, ay < by: To make the formalism more convenient we let 
(-0) - (-~) = 0 and (+o) - (+o) = 0. In other respects we adhere to 
the usual conventions regarding arithmetic operations that involve 


— or +o, Let 


A set of this form will be called a closed trapezoid. We also 
consider » to be a closed trapezoid. A set S will be called a 


‘trapezoid if there exists a closed trapezoid T such that rT ¢s ¢tT, 


{ 
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where r denotes the interior of T relative to. H,. Eyery trapezoid is 
Lebesgue-measurable, though not necessarily Borel-measurable 

If s, st are disjoint line segments having endpoints <a; 0» , 
<a,, 1> , and <a,', 0» , fa,', 1) respectively, where a... sa,' 
(i = 0, 1), then let 


Ts, s') = T(s', s) = Ta 7 


If s = s', then we let-T(s, s') = T(s', s) = s. In what follows we 
will use the symbol Xo as an alternative designation for the x-axis 
X. This will enable us to make statements about x, (i = 0, 1) (where 
X denotes, as before, { <x, >; x€ R}). 


We omit the proofs of the following two routine lemmas. 


ie 


Lemma 23. Let theline segments Sy: So» Sz Sy each have one endpoint 
on X, and the other on X,, and assume that i + j implies that either 


8,95; 5 gor s, = 5. If T(s,, 85) MN T(sg, S84) + , then 


T(S, 8.) Cc T(s,, 85) UT(sz, 84). 


Lemma 24. Let 8 be any set of line segments, each of which has one 
endpoint on x, and the other on Xi» and no two of which intersect. 
Then \_) T(s, s') is a trapezoid. 

s,s'€g ; | 

Let m denote two-dimensional Lebesgue measure in Rk’. If E 

is a measurable subset of some line in R?, let m” (E) denote the linear 
Lebesgue measure of E. Let m, and m denote two-dimensional exterior 
measure and linear exterior measure, respectively; i.e., for any 


ECR’, 


m, (E) = inf {m(U): E&U and U is open}; 
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and if E is.a subset of a line L, then 
| m<(E) = inf fm” (U) ; ES&UCL and U is open relative to Lhe 


Theorem 9. Let & be any set of line segments , each of which has one 


endpoint on x, and the other on Xi > and no two of which intersect. 


Let S = (Le . Then 
| | 


m(3) = > (mg(S AX.) + mg(S NX,)). 
Proof.” We may assume that © is nonempty. Let e« be any positive 
number. Choose an open set US R? such that S ©U and 
n(D)’ s m,(S) + &. 
Let E. =SNn Xs (i = 0, 1). Choose sets G, Cc X; that are open relative 


to X. such that E. ©G. and 
i i i 
m’(G.) < m(B.) + © (i= 0,1) 
1 —- e 1 ; * 
Let V be the union of alli lines L CPR? such that L meets both G, and 


G,. It is easy to show that V is an open set. Furthermore, S &V 


and V NX, = G; (i = 0, 1). Now let W=UMNY. Then 


Wis open, S&W SU, and an 


| co a 
E,SWNX, SG, (i 0, 1). 


Ifs, ste L, define s = s' if and only if T(s, s') © W. 


It is easy to verify by means of Lemma 23 that = is an equivalence 
relation. Let T be the set of all equivalence classes. We prove that 


T is countable, 


If sE€ £ , we let <a, (s), i> be the endpoint of s on X, 
(i = 0, 1). Then 


i 


s = {€x, VDE R? 10<y< land x = (a,(s) - a(s))y + aj(s)}. 


| 
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Since s is.compact and contained.in.W, there is no difficulty in 
showing that there exists a > Q.such that 


‘{<x, y) ER? :05y 51 and 


(a,(s) - a,(s))y + aj(s) - &, <x < (aj(s) - al(s))y + ag(s) + 8.) 
Cw. 


Let J; (s) = (a, (s) - 6 a,(s) +62) G = 0, 1). A sketch will 
rapidly convince the reader that if s, s'¢€ L J 03) nN Jos") + >, 


and J, (s) nJ,(s') + 6, then T(s, s') OW, so that s =s'. Thus 
(J.(s) x J,(s)) A (I,(s') * J (s')) 9 Sys Fs!. 
For each'C €TI, choose s(C) € C and let 
Q(c) = J,(s(C)) x J,(s(c)). 


Then C, 4 C, =) QC) n Q(C,) = 9. Since each Q(C) is a nonempty 
open subset of R?, this implies that [ is countable. 


If CET, let 


T(C) = \_) T(s, s'). 


s, s'EeCc 
By Lemma 24, T(C) is a trapezoid. Also, 


(35) Cc E&T(c) & w. 


Suppose that C,, C, Ef and Cy ¢ C,. We claim that 
T(C,) AT(C,) = 9. Assume that T(C,) AT(C,) + ». Then there exist 
t t | | 
S$,» 8,' EC, and s,, s,' EC, such that T(s,, 8,') A T(s,, s,') + o. 
By Lemma 22, 
T(s,; $5) Cc T(s}5 s,') u Tso, s,') CW, 


so that Ss) = S53 a contradiction. Therefore T(C,) n T(C,) = >. 
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Let K,(C) = T(C) NX, (4.5 0, 1).. Then Kj(C) is an interval 


and 


(36) 8, ¢\) kc Ewnx, Sa, (i = 0, 1). 
cCéT;y 


Furthermore, C, + C, implies that K. , (C4) fv K, i (Cy) = ¢. Using the 


formula for the area of a _trapenoid, we find that 


‘fm oA K (C)) +m V K,(0))] 
er 


Es 


E > (n* (K (C)) + m “(Ky (C) )) 
cer * 


Emme) > aL) T(C)). 
Ee 


I 
“bak U gor «at goon 


Cer 
m Jr). ) 
Cer 


According to (35), $ c |) T(C) CW CSU, so that 
Ce?r 


(37) m, (8) <a < m(U). < m, (S) + €. 


Let a 


By (36), 
(38) + te.) + mE) <0 <5 @G) + mG) 
<F (mb) + mE) te. . 


Since ¢ is arbitrary, inequalities (37) and (38) imply that 
| _ rh ) 
n(S) = 5 (mj{(B,) + m@,)). w 


One wonders to what extent a result resembling the foregoing 
theorem might be obtainable without the hypothesis that no two of the 
line segments intersect. ‘Thé-following example is relevant to this 


question, Let My be a residual set of measure zero in! X, and let M, 
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be a.residual set of measure zero in X,. .Let <x) Yo? -be. any point 


of Hy. We claim that there is.a line.segment passing through <x); Yo? 


that has one endpoint in M5 and the other in M, - For 9 € (0,.7), let 


F,(8) 


FA C8) 


Ca - y,) ctn 6 + Xo 1? and 


| CX, - Yo ctn. 6, o>. 


Then BF. is a homeomorphism of (0, 7) onto X., SO Fo" (M,) and Fy*(M,) 
are both, residual sets in (0, 7). Choose a€ Fo (M.) AF] (M,) . Let 
L be the line whose equation is 

x = X, + (y - YJ ctn a. 


Then L passes through the points CX Yo? ; F (a) and F, (a) , so that 


L AH, is the desired line segment. Let td. be the set of all line 


segments having one endpoint in M, and the other in M, - Let S = U du. 


Then SX, and S 7X, both have measure zero, but, as we have just: 
| _ 
shown, Hy < 5S, so that S has infinite measure. See Problem 5 at the 


end of this paper. 


— a i 


Lemma 25. For every e > 0 there exists a strictly increasing real- 


valued function h on R such that h(R) has measure zero, and, for every 


real x, |x - h(x)| <e. 


Proof. For each integer n, let I = [ne, (n + l)e]. Then et, = 
There exists a strictly increasing function f : (0, 1] > (0, 1] such 
that n®(£([0,11))= QO. For example, such a funccion may be defined 
as follows. Any number in [0,.1) may be written in ¢x¢ form 


8B An Agee A eee (binary decimal) , 


where the decimal does not end in an infinite unbroken string of l's. 


J 


R. 
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Set... | 
f(-a,a,a,...a.. i? b bab... .b.. . _ (ternary decimal) . | 

where b, = 0 if a, = 0 and b, = 2 if a, = i, 

Set £(1) = 1. Then f maps 0, 1] into the Cantor ternary set, SO 


m’(£([0, 1])}) = 0. It is easily shown that f is strictly increasing. 
For each n, it is easy to obtain from f a function f : I, > I, 
such that fn is strictly increasing and m’(£,(1,)) = 0. Set 


h(x) = £ (x) for x €(ne, (n + lye]. 
There is no difficulty in proving that h has the required properties. | 
Theorem 10. There exists an indexed family ty 3. EX of simple arcs 
such that 

(1) for each x € X, Vx 1s an arc at x 

Gi) xty oy, ny = ¢ 


(iii) \ Yy is a set of measure zero. 
xEX | 


Proof. For each natural mumber n, let h, : R*+R be a strictly 
increasing function such that h_(R} has measure zero and, for every x, 
|x - h, Gx) } < =. For every x € R, let s(x) be the line segment 
joining the point Ch (x) 2h to the point Ch. 41 ; ne . Since 

h(x) < h(x) 7 x, 4 Xp hl Oy). < bhp), 
we see that x, + x, implies s_(x,) Ns,(x,) = 9. Let 
Ss = \ks cx ; xE€ R}. Then 

4 . . 

Son X, Ci tx, =>: x€ h (R)} 

and sin Xa € 1% =} : xé€h (I, 


Q. es} _ — 
so m (S,, n x = m (Son Xt] = 0. It is easy to deduce from 
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Theorem.9 that 


res aes Ge ee hag se 
m(S) = Ca- gr) 7 Orr XJ +m Gyn Xe)? = 0. 
For x € X, let x = fx} U 


4 $04) - Since <r), = > x, Y, is 


an arc at x. 
nL) vy) <m +m(L)s) 
eC yex * e en n 
Sm) + m,(S_) = QO, 
n=l 


SO \ Y, is a set of measure zero. @& 
Xx€EX 


Corollary. Let @be an arbitrary function mapping X into any topologi- 
cal space Y having an element called 0. Then there exists a function 


f : H+ Y such that f(z) = 0 almost everywhere and is a boundary 


function for f. 


Proof. If fy_} ‘is the family of arcs described in Theorem 10, let 
x xEXx 


f(z) 0 if z is in no Vy 
f(z) = (x) if z EY,: 
Then f is the desired function. @ 


Corollary. There exists a real-valued Lebesgue-measurable function f 


defined in H having a nonmeasurable boundary function defined on X. 


SOME UNSOLVED PROBLEMS 


1. If A is an arbitrary set of type ES. in X, does there necessarily | 
exist 4 real-welued continuous function f defined in H having A as 

its set of curvilinear convergence? If w is an arbitrary real-valued 

function of honorary Baire class 2 on A does there exist a continuous 

real-valued function f defined in H having A as its set of curvilinear 


convergence and ip as a boundary function? - 


. 2, (First proposed by J. E. McMilian [10]). If A is any set of type 
Fg in X and if is any function of honorary Baire class 2(A, s*) , 
does there necessarily exist a continuous function f : H + s* having 


A as its set of curvilinear convergence and » as a boundary function? 


3. If f£ is a real-valued Borel-measurable function defined in H, is 
the set of curvilinear convergence of £ necessarily a Borel set? What 


if £ is assumed to be of Baire class 1? 


4. Let $= (<x, y, z) ER”: %> 0}. If £ is a function defined 
in S, we define the set of curvilinear convergence of f in the obvious — 
way. If £ is continuous, is its set of curvilinear convergence 


necessarily a Borel set? Is it necessarily of type Es. 


5. Let & be a set of line segments each having one endpoint on XS 


and the other on Xy> and let S = Ue. Assume that S is a Borel set. 


If m”(S NX) and m”(S nX) are known, what lower bound can be given 
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.for m(S)?. A.solution to. this’ problem might be helpful.in. attacking a 


problem of Bagemihl, Piranian, and Young [3, Problem 1].. 


1. 


10. 


il. 


12. 


‘ 
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